Introduction.
Throughout G denotes a locally compact group equipped with left Haar measure dm. (Instead of fG f(x) dm(x) we will sometimes write fGf(x)dx or fG f dm.) Denote the dual of G by G, that is, G is a maximal set of pairwise inequivalent unitary irreducible (continuous) representations of G. For each ir E G, H" will denote the corresponding Hilbert space. The Fourier transform / of / E Ll(G) is defined by f(ir) = ir(f) = JG f(x)ir(x) dx for ir EG.
Hence 7r(/) e B(H^), the space of bounded linear operators on H".
Recently we showed for certain groups G (including the motion group, the affine group, the Heisenberg group and all semisimple Lie groups (under some extra conditions)) that if / € L1(G) ("1 L2(G) satisfies m{x E G: f(x) =£ 0} < oo and p{ir: ir(f) ^ 0} < oo then / = 0 a.e. [11] . (Here p, denotes some type of "measure" on G closely related to the Plancherel measure. Also in some cases the restriction on / may be more stringent, in others more relaxed.) Benedicks [1] established this result for G = R* with m and p denoting Lebesgue measure.
This result is a simple type of uncertainty principle since it places a restriction on the amount to which both a function and its Fourier transform can be concentrated. In the following we make this idea more precise for certain groups by establishing local uncertainty inequalities.
In euclidean Fourier analysis uncertainty principles state that the more a function is concentrated about some point, the more its Fourier transform must be spread, and vice versa. However, they do not preclude that this spreading (which is usually measured as a standard deviation) may be achieved by two or more peaks far apart.
Local uncertainty principles state that if a function is concentrated, then not only is its Fourier transform spread out, but that it cannot be "too localized" at any point. A variety of inequalities supporting these latter principles can be found in [3, 9 , 10] along with applications.
Of central interest to this paper is the following slight sharpening of a local uncertainty inequality proved in [9] . Because its proof provides a blueprint for the main results below, Theorem 3.1 and its Corollary, we give a sketch of it here. Most of the steps are made up of familiar inequalities but for more details see [9] . We also indicate in the proofs of two corollaries how local uncertainty inequalities imply global uncertainty inequalities, in particular, the classical uncertainty inequality involving standard deviations. The notation used in the remainder of this section is as follows: Given / E L1(Kk), its euclidean Fourier transform / is defined by f(y) = J f(x)e~2™y dx where xy = xyyy + ■ ■ ■ + Xkyk and, unless stated otherwise, /.. .dx denotes integration over Rfc with respect to Lebesgue measure. Let ujk = 2irk'2/T(k/2); when fc E Z+ = {1,2,...} and fc > 1, this is the surface area of the unit ball in Rfc. Generally x will be the variable used with / and y with its Fourier transform /.
1.1 THEOREM. Suppose 0 < 6 < 1/2. For all measurable sets E E Rk with Lebesgue measure m(E) < oo and all functions f E L2(Rfc),
Furthermore, no inequality of this form is possible (a) for any other power ofm(E), and (b) for 0 outside [0, ^).
PROOF. Let B denote the closed unit ball in Kk and B' its complement. Denote by lr and lr< the characteristic functions lrs and 1tb' respectively. Given /, E and 6 as in the statement of the theorem, (7 l/l2) < t|(/lrri£||2 + IK/lrO^lislla where r>0
+r-fce|||*r/l|2
By choosing r > 0 to satisfy rk = (26k)2/m(E)cokk(l -29)
we minimize the right side to obtain the desired inequality. Proofs of the facts contained in the last sentence of the statement of the theorem are given in [9] to get the required inequality.
The inequality |||z|Q/||2 < ||/||J~a//J|||x|/J/||£/'9 for 0 < a < /? applied to / and / allows the following to be deduced from Corollary 1.2.
1.3 COROLLARY. Given 0>O, there exists a constant K such that \\f\\l<K\\\A0fU\y\pfh for all fEL2(Rk).
Inequalities of the form described in Corollaries 1.2 and 1.3 are examined in detail in [2] . When /? = 1 the inequality has the same general form as the classical Heisenberg-Pauli-Weyl inequality [2] . See also [7] .
In this paper we prove analogues of Theorem 1.1 for semisimple Lie groups with finite centres, motion groups and the Heisenberg groups. In the case of symmetric spaces we deduce a global uncertainty principle from the local one in the same manner as Corollaries 1.2 and 1.3 were deduced from Theorem 1.1.
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Semisimple
Lie groups and motion groups. In this section we introduce some notation and quote some results from Warner [14] which will be used in the sequel. In § §3 and 4 we will be concerned with the following two classes of groups G: (a) Noncompact, connected semisimple Lie groups with finite centre and (b) euclidean motion groups, that is, semidirect products of compact groups K and Rn, where K acts as a group of linear automorphisms of R". In the case of (a) above, K will always denote a fixed maximal compact subgroup of G. Thus in both cases G can be written as G = Rn • K and topologically G is homeomorphic to R" x K. Always G will denote the dual of G. For the groups above, which are all unimodular, one has the Plancherel theorem due to I. Segal (see [14, vol. II, p. 52]). where ey,...,e^ is an orthonormal basis for 0 J2seFH&-^s observed above N < N(F) and so we easily get the following.
2.6 LEMMA. For f E LF(G) and irEG, Tr (ir (f )* it (f)) < JV(F)||/||?.
We will now introduce the notion of a "norm" on G which in some sense will tell us how far an element is from e or more precisely from K, the maximal compact subgroup. Case 1. G semisimple. For what follows a good reference is [6] . Let a be the Lie algebra of G and g = t © p the Cartan decomposition of q (t is the Lie algebra of K). Then one knows that the Killing form B restricted to p is positive definite. Let P = exp p. Then P is diffeomorphic to p under the exponential map. Also G = PK and G is diffeomorphic to P x K under (u, fc) h-> uk, uE P, k E K. So each g EG can be uniquely written as g = gpga with gp E P and gx E K. From what we said above gp = expX for a unique element X Ep. Define ||o|| = (B(X,X)Y^2. Then || • || gives a continuous (in fact smooth) map from G into R+ U {0} with the property that ||o|| -► oo if g -► oo in G and ||o|| -> 0 if g -* e (or even if "a -► K") inG.
Case 2. G a euclidean motion group. In this case G = Rn • K and is homeomorphic to R" x K. Every g E G can be uniquely written as g = gtgx where gt E R" and gx E K. Define ||a|| = ||gt|| = euclidean norm of gt. Here again || • || is a continuous map from G into R+ U {0} and ||a|| -+ oo if o -► oo in G and ||o|| -► 0 if g -► e (or even if "a -♦ K") in G.
Finally we will introduce a function which will help us measure the concentration of a function around K. Let A be the function on R+ U {0} defined by: A(r) = mo{g E G: \[g\[ < r}. Here mo denotes Haar measure on G. Then A is a continuous strictly increasing function of r and A(r) -* 0+ as r -* 0+ and A(r) -► oo as r -> oo.
Note that A(0) = mG(K) = 0.
2.7 REMARK. In the case when G is semisimple, consider the symmetric space X = G/K equipped with its canonical riemannian structure and the canonical Ginvariant riemannian measure. Then A(r) is just the volume of the geodesic ball in X of radius r around eK.
Local uncertainty
inequalities. The purpose of this section is to prove a local uncertainty principle for K-finite functions on G which is analogous to the local uncertainty principle for functions on R" proved in §1. Roughly speaking it says that the more concentrated a if-finite function is around K, the more spread out is its Fourier transform on G. Retaining the notation of the previous section we now state the main result of this section: Hence the first term on the right side of (1) is dominated by /i(F)1/2A^(F)1/2||/i||i.
By the Plancherel theorem the second term on the right side of (1) is dominated by U/2II2 = |I/1bJ2. Hence Exactly as in the euclidean case, the first term on the right side of (2) is dominated
(by Cauchy-Schwarz). The second term on the right side of (2) Q.E.D.
We can restate Theorem 3.1 in a form that is slightly closer to the classical local uncertainty principle discussed in §1. Before that we introduce some notation. For 8 E K define xs(k) = d(6) Tr(<5(fc)) for fc 6 K. For a function f on G define fs by fs(x) = (f * xs)(x) = f f(xk)Xs(k~1)dk.
Jk
Then ii f E LP(G), fg is right it-finite of type F where F = {8}. Thus Theorem 3.1 is applicable to fs and in fact we can prove:
3.2 COROLLARY. For each 8 E K and 0 < 9 < |, there exists a positive constant C$ts such that (jETr(ir(fs)*ir(fs))dp(ir)^)
for all f in L1(G) C\ L2(G) and measurable E E G.
PROOF. From the discussion above and Theorem 3.1 we havê Tr(n(fsY^fsYdp^ < Ce,sp(E)e\\A(\\ ■ \\)ef6\\2.
Now observe that if o is a right if-invariant function, then (gf)s = gfb-Also for any h, \^hs[\2 < ||n||2 because h = 05Z-.gK"^i *s an orthogonal decomposition. The proof of the corollary is complete once we combine these observations with the fact that the function A(|| • ||)9 is a right /{"-invariant function on G.
A global uncertainty
inequality for symmetric spaces. In this section we will indicate how the local uncertainty principle for the semisimple Lie group G leads to a global uncertainty principle-at least for the symmetric space G/K. Since the details are very similar to the euclidean case, we refer the reader to §1 on how the local uncertainty principle implies the global one.
Consider X = G/K, a riemannian symmetric space of the noncompact type, equipped with its canonical riemannian structure. Here G is a noncompact connected semisimple Lie group with finite centre, K a fixed maximal compact subgroup and G can be identified with the connected component of the group of isometries of X. Let G = KAN be an Iwasawa decomposition of G and a the Lie algebra of A and a* its dual. Let ||a;|| denote the distance of x E X to eK E X (in the riemannian metric). Let m be the canonical G-invariant measure on X induced by the riemannian structure. In fact the Haar measure dg on G can be so normalized that fG f(g)dg = fx f(x)dm(x) for right /{"-invariant functions on G. (On the right side above we are interpreting a right K-invariant function as a function on X via the identification f(gK) = f(g).) As before, let A(r) = m{x: [[x[[ < r}. Let {ir\}\ea' be the class-1 (that is, spherical) principal-series representations of G (see [5] ) and let p, be the (Harish-Chandra) Plancherel measure on a* normalized so that one has the equality / \f(x)\2dm(x)= f Tr(7rA(/)VA(/))d/i(A)
Jx Ja"
for all / E LX(X) n L2(X) (= L1 n L2(G/K)). (Let W be the Weyl group of the pair (G,A); then ir\ will be equivalent to irs\ for s € W and these are the only possible identifications. Thus u will be a W-invariant measure.) Then the local uncertainty principle of the previous section can be reformulated as:
Given 0 < 9 < \, there exists a constant Cg such that for all f E L1 (X)C\L2(X) and measurable E C a*, we have JETr(irx(f)*irx(f))dp(\)
Now let B be the function on R+ u{0} defined by B(t) = p{\ E a* : \\X\\a-< t}.
Here || ■ ||". denotes the norm on a* induced by the Killing form restricted to a. Then arguing exactly as in the euclidean case one gets a global uncertainty principle. Given 0 < 9 < \, there exists a constant Kg such that for all / E Ll(X)C\L2(X) we have
Again from this one can get the usual version of the uncertainty principle exactly as in the euclidean case, that is, there exists a constant K such that for all / E L1nL2(X) one haŝ A(||x||)2|/(x)|2dm(x))(£B(||A||0.)2Tr(7rA(/)VA(/))dMA))>it||/||R EMARK. The quantity Tr(7rA(/)*7rA(/)) is just (/* */)~(A) where ^denotes the spherical Fourier transform-see [5] . In particular, if / is ii-biinvariant (/* * f)"W = l/(A)|2 and the last inequality becomes
which reads exactly like the classical Heisenberg uncertainty principle.
5. The Heisenberg groups Hn. The Heisenberg group H" is just R2n+1 with multiplication defined as follows:
(p,q,t)(p',q',t') = (p + p',q + q',t + t' + ±(p-q'-p'-q))
where p,p',q, q' E R", t, t' E R and ■ denotes the usual inner product in Rn. H" is a simply connected (two step) nilpotent Lie group. Its Haar measure is just dp dq dt. For each A E Rx = R\{0}, one can define an irreducible unitary representation ir\ on L2(Rn) by (TA(P, 9, t)f)(x) = e*™ix+^p-q+2nihtf(x + Xp) {7ta}a€R\{o} is a family of inequivalent irreducible representations and in fact the Plancherel measure is concentrated on this family: it is given by dp. = |A|ndA.
Denote the set of these representations by Gr(*-> Rx). Thus the Plancherel theorem for H" takes the following concrete form: For / E L1(Hn) n L2(Hn), |Tr(7rA(/)*7rA(/))|ArdA = ||/||2.
All this is essentially given by the Stone-von Neumann theorem. For the case n = 1, a discussion can be found in [13] -however the parametrization of the group as well as the dual is slightly different from ours. For a function / on H" (= R2n+1) which is sufficiently nice, for example / E C£°(Hn), one can easily show from the above that the Fourier transform ir\(f) of / at A E Rx is given by the following operator on L2(Rn): We would like to thank G. Folland from whom we learnt the representation theory of Hn as formulated in this section.
